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CONTINUOUS MEASURES ON HOMOGENOUS SPACES
MICHAEL BJÖRKLUND AND ALEXANDER FISH
Abstrat. In this paper we generalize Wiener's haraterization of ontinu-
ous measures to ompat homogenous manifolds. In partiular, we give nees-
sary and suient onditions on probability measures on ompat semisimple
Lie groups and nilmanifolds to be ontinuous. The methods use only simple
properties of heat kernels.
1. Introdution
N. Wiener gave a very simple, neessary and suient, ondition for the support of
a probability measure µ on the unit irle T to ontain points with positive mass.
In fat, he proves the following formula ([7℄)
lim
N→∞
1
2N + 1
∑
|k|≤N
|µˆ(k)|2 =
∑
x∈T
|µ({x})|2.
This result has found many appliations in various areas in mathematis; most
notably in ergodi theory and optimal ontrol theory.
In this note we extend Wiener's riterion to ompat homogenous Riemannian
manifolds, i.e. ompat Riemannian manifolds whih admit a transitive ation by
isometries. Our two main examples are symmetri spaes of ompat type ( where
other extensions of Wiener's lemma are known, due to Anoussis and Bisbas [2℄ ) and
nilmanifolds. The Fourier oeient of the measure is replaed with the integral
of an eigenfuntion of the Laplaian against the given measure. We will make use
of the shorttime behaviour of heat kernels on ompat manifolds to dedue our
results.
2. A Generalized Wiener Lemma
2.1. Approximations of Diagonal Measures. In this setion we will briey
disuss the simple idea whih lies behind this paper. Let (X,µ) be a probability
spae, and suppose there is a family of omplexvalued measurable funtions on
the diret produt X×X , whih is dominated in absolute value by some integrable
funtion with respet to the produt measure µ×µ, and onverges pointwise to the
indiator funtion of the diagonal of X ×X . By dominated onvergene,
lim
t→0+
∫
X×X
Ft(x, y) dµ(x)dµ(y) =
∑
x∈X
|µ({x})|2.
Suppose (X, g) is a ompat Riemannian manifold. Let ∆ be the Laplaian asso-
iated to the Riemann metri g. It is a well-known fat [4℄ that ∆ is a positive
self-adjoint operator on L2(X), with respet to the Riemannian volume measure.
We let {λk}k≥1 denote the eigenvalues of ∆, and {ϕk}k≥1 the orresponding eigen-
funtions, whih are orthonormal in L2(X). Note that the sequene of eigenvalues
is non-negative and unbounded. The heat kernel Kt is the unique solution to the
equation
∂tKt(x, y) + ∆xKt(x, y) = 0,
1
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with the initial ondition limt→0+ Kt(x, y) = δy(x). The heat kernel an be ex-
pressed as ( see e.g. hapter 9 in [3℄ )
Kt(x, y) =
∑
k≥1
e−λktϕk(x)ϕk(y).
If (X, g) is a ompat homogenous Riemannian manifold, i.e. of the form G/K,
where G is a Lie group, and K a losed subgroup of G, the Laplaian is equivariant
under the ation of G on L2(X), and thus, Kt(x, x) is independent of x ∈ X . If we
assume that the volume has been normalized to be 1, we onlude that
Kt(x, x) =
∑
k≥1
e−λkt,
for all x ∈ X , sine the eigenfuntions are orthonormal in L2(X). We now let
Ft(x, y) =
Kt(x, y)∑
k≥1
e−λkt
.
From the above disussion, it should be lear that Ft satises the properties above.
If µ is a probability measure on X , we dene
µk =
∫
X
ϕk(x) dµ(x), k ≥ 1.
We an now formulate our rst result:
Lemma 1. Let X be a ompat Riemannian homogenous spae. If µ is a probability
measure on X, then
lim
t→∞
∑
k≥1
|µk|
2e−λkt
∑
k≥1
e−λkt
=
∑
x∈X
|µ({x})|2.
In partiular, if X is the standard ddimensional torus, the lemma translates to
lim
t→∞
∑
k∈Zd
|µˆ(k)|2e−4pi
2||k||2t
∑
k∈Zd
e−4pi
2||k||2t
=
∑
x∈Td
|µ({x})|2,
where µˆ is the Fourier transform of µ and ||k|| is the l2norm of k ∈ Zd. We will
generalize this formula in two diretions: To symmetri spaes of ompat type and
to ompat Heisenberg manifolds.
2.2. Continuous Measures on Compat Lie Groups. Let G be a ompat,
simply onneted and semisimple Lie group. It is a well-known fat [8℄ that the set
of irreduible unitary representations of G is parameterized by dominant weights.
We let D denote the set of dominant weights of the Lie algebra of G, and if λ is
in D, we let piλ denote the assoiated representation and dλ the dimension of this
representation. Reall that all irreduible representations are nitedimensional.
The matrix oeients of piλ are ommon eigenvetors of the Casimir element re-
strited to the representation, and they all have the same eigenvalue, whih we will
denote by cλ. The harater χλ is dened to be the normalized trae of piλ, and
thus χλ(e) = 1, where e is the identity in G. The heat kernel on G an be expressed
as [6℄
Kt(x, y) =
∑
λ∈D
χλ(x)χλ(y) e
−tcλ .
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If µ is a probability measure on G, we dene
µλ =
∫
X
χλ(x) dµ(x).
By lemma 1, we now have
Theorem 2. Let G be a ompat, simply onneted and semisimple Lie group, and
suppose µ is a probability measure on G. Then,
lim
t→0+
∑
λ∈D
|µλ|
2e−tcλ
∑
λ∈D
e−tcλ
=
∑
g∈G
|µ({g})|2.
This formula should be ompared to Anoussis and Bisbas result in [2℄. They prove,
if G is a ompat semisimple Lie group and {An}n≥1 is a sequene of subsets of
dominant weights, satisfying some tehnial assumptions, then
lim
n→∞
1
|An|
∑
λ∈An
d−1λ ||µˆ(piλ)||
2
2 =
∑
x∈G
|µ({x})|2,
where || · || denotes the HilbertShmidt norm, and
µˆ(piλ) =
∫
G
piλ(x
−1) dµ(x)
is the operatorvalued Fourier transform of µ.
Example 1. We now onsider the group G = SU(2). In this ase, the dominant
weights are positive halfintegers [8℄, and cλ =
1
2λ(1+λ). The harater assoiated
to the weight λ ( restrited to the maximal torus T1 ) is given by:
χλ(t) =
sin ((2λ+ 1)pit)
(2λ+ 1) sin (pit)
, t ∈ R,
Thus, theorem 2 takes the form:
lim
t→0+
∑
2λ∈Z+
|µλ|
2e−
1
2
λ(1+λ)t
∑
2λ∈Z+
e−
1
2
λ(1+λ)t
=
∑
x∈G
|µ({x})|2.
The extension of the above result to symmetri spaes of ompat type is straight
forward.
2.3. Continuous Measures on Nilmanifolds. The real Heisenberg group Hn is
dened to be the group
Hn =




1 x1 . . . xn z
.
.
. y1
.
.
. 0
.
.
.
0
.
.
. yn
1


| x, y ∈ Rn, z ∈ R


,
and we let Γn denote the restrition of Hn to integer points. It is a well-known fat
that the quotient Xn = Hn/Γn is a ompat Riemannian manifold ( the Riemann
struture is indued from Eulidean struture on the Lie algebra of Hn ). The
spetrum of the Laplaian on Xn was alulated by Deninger and Singhof in [5℄.
We will briey reall their result. The spetrum is deomposed into two parts: the
rst part is parameterized by k, h ∈ Zn with eigenfuntions
fk,h(x, y, z) = e
2pii(〈k,x〉+〈h,y〉)
CONTINUOUS MEASURES ON HOMOGENOUS SPACES 4
with eigenvalues
λk,h = −4pi
2(||k||2 + ||h||2).
The seond part of the spetrum onsists of eigenfuntions of the form,
gq,m,h(x, y, z) = e
2pii(mz+〈q,y〉)
n∏
j=1
[∑
k∈Z
Fhj
(√
2pi|m|
(
xj +
qj
m
+ k
))
e2piikmyj
]
where m ∈ Z− {0} , q ∈ Zn and h = (h1, . . . , hn) ∈ N
n
0 , with eigenvalues
λq,m,h = −2pi|m|(2h1 + . . .+ 2hn + n+ 2pi|m|).
Here, {Fν}ν≥0 denotes the Hermite funtions,
Fν(t) = (−1)
νet
2/2 d
ν
dtν
e−t
2
, ν ≥ 0.
As before, if µ is a probability measure on Xn, we dene
µk,h =
∫
Xn
fk,hdµ
and
µq,m,h =
∫
Xn
gk,m,h dµ.
We an now formulate a generalization of Wiener's lemma on the nilmanifolds Xn.
Theorem 3. Suppose µ is a probability measure on Xn, then
lim
t→0+
∑
k,h
|µk,h|
2e−tλk,h +
∑
q,m,h
|µq,m,h|
2e−tλq,m,h
∑
k,h
e−tλk,h +
∑
q,m,h
e−tλq,m,h
=
∑
x∈Xn
|µ({x})|2.
Remark. Lemma 1 an of ourse also be applied to ompat loally symmetri
spaes X , where the overing spae is a symmetri spae of nonompat type. It
is easy to see that the heat kernel on X is the periodization of the heat kernel
on the overing spae. Expliit formulae for heat kernels on symmetri spaes of
nonompat type an be found in [1℄.
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